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Abstract 
In the paper a two-dimensional approximation filter obtained on the base of mean-square error minimalisation is 
presented. As the measure of quality the mean square error (MSE) criterion has been used. Image has been corrupted 
by some noise using normal (Gaussian), Laplace, and uniform distributions of variance ı2 and the mean value equal 
to zero. 
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1. Introduction 
The operation of this type of filter is based on the replacement of the distorted signal samples 
processed by the new value calculated on the basis of the given polynomial degree K, which coefficients 
ai are determined from the approximation of the mean set of points (xj, yi) including the filtered signal : 
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In the literature, this kind of algorithm for one-dimensional case is known as Savitzky'ego-Golay filter 
[1]. Using the above method for the first degree polynomial, we obtain the moving average filter. This 
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procedure can be generalized to the two-dimensional case. We assume that we move an n2-element mask 
(n x n) on the image, where the value for the central point is replaced with the value calculated on the 
basis of the assumed two-dimensional approximation of the given degree of points included in the 
processed area. First, the linear approximation will be analyzed and then the square one, for windows 3x3 
and 5x5 in size. 
2. Two dimensional mean filter 
 Assuming the 9-elements mask of size 3x3 pixels, which moves over entire image, the value of its 
central point is replaced by the value calculated on the base of two-dimensional approximation of 
assumed order, using the points from the local area (3x3 pixels neighborhood). First the linear 
approximation should be considered, which is the base of the mean filter [3,4]. 
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Fig. 1. Coordinates of the elements in 3x3 pixels filter mask. 
 The coefficients of linear approximation can be calculated using the formula:  
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Minimalisation of the expression above is tantamount to solving the following equation system: 
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For a0 occurs: 
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We can also notice that choosing the approximation points in the way shown in figure 1 causes: 
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so a0 is the mean value of all points from the mask: 
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Assuming the 0-th order approximation the expression above (7) is the definition of the mean filter [3,4] 
with the mask: 
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This filter is used in many image processing applications, but as noticed in [3], the usefulness of such 
filter is limited because of the strong interference in filtered image. Even if the reduction of noise is 
significant, this filter smoothes the edges too much, introduces new values of luminance and causes some 
other distortions. For a window 5x5 in size (25-items), we obtain the average filter having the following  
mask form: 
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3. Second order approximation filter 
The square approximation can be also used, which is described as: 
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Searching for the values of coefficients a0, a1, a2, b0, b1, b2, means solving similar system of equations 
(4) as for linear approximation. After some calculations, assuming the same way of choosing the 
approximation points (fig. 1), the following expressions for two-dimensional second order approximation 
are obtained: 
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Using such approximation the value of central element of the mask (for p=0 and q=0) can be 
calculated as the value of the coefficient a0. The value of new sample can be calculated from elements 
within processing window using the operator with the coefficients obtained from (11): 
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The approximation filter described above (1) has an interesting property. The difference between it and 
some “classic” mean filters [4] is the occurrence of negative values in some elements. Such negative 
coefficients are specific rather for high-pass filters, but in considered filter the sum of all coefficients is 
not equal to zero. The comparison of the filter (11) with some other techniques of image filtration is 
described in the next paragraph of the paper. For a window 5x5 in size (25-items), we obtain the second 
degree polynomial filter having the following mask form: 
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4. Results` discussion 
The method of filtration denoted as F3 and F4 (12, 13), has been tested using the well-known and often 
used example image called “Lena”. The resolution of the image is 256x256 pixels and the number of 
grayscale levels is also equal to 256. As the measure of quality the mean-square error (MSE) [5] has been 
used. It is defined as: 
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where:  M, N  – size image; fin(x,y) – original image sample; fout(x,y) – after filtering 
Table 1. Boundary values of variance in the output of the mean filter  using various models of noise with corresponding attenuations 
Model of noise  Mean filter 
Uniform distribution: 
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The image has been corrupted by additive noise with normal (Gaussian), uniform and Laplace 
distributions, the variance ı2 and the mean value equal to zero. The parameters of distributions has been 
chosen in the way, which leads to the corresponding attenuations for each case (table 1). Considered noise 
distributions are often used for comparing the quality of various image processing techniques. Laplace 
distribution can be treated as a good analogue for the impulse noise. 
To compare the effectiveness of filtration the linear filters have been used. The method of filtration is 
based on the calculation of mean luminance using given weight coefficients fot the points within the 
window for the given neighborhood of each pixel. The masks F5-F8 (15) are some typical weights used in 
linear filters [4]. The mask F3-F4 describes two-dimensional approximation filter (13,14). 
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The results of filtration are shown in the tables 2 – 4 as the values of mean-square error in dependence 
on the standard deviation of the noise used to corrupt the test image. Because of the former assumptions 
(table 1) achieved results differ very slightly. 
Table 2. The values of MSE for the test image “ Lena”, for  the normal distribution noise obtained using filters (13,14,15). 
V F1 F2 F3 F4 F5 F6 F7 F8 
0 51,88 139,20 5,87 40,48 42,02 29,18 10,51 32,13 
1 52,05 139,40 6,44 40,68 42,15 29,36 10,89 32,29 
2 52,44 139,60 8,10 41,22 42,60 29,93 12,07 32,79 
3 52,98 140,00 10,96 42,08 43,18 30,75 13,97 33,47 
4 53,88 140,30 14,87 43,45 44,26 32,17 16,84 34,69 
5 55,31 141,10 19,96 45,27 45,54 33,79 20,28 36,11 
6 56,60 142,10 26,18 47,04 46,88 35,66 24,50 37,70 
7 58,13 142,50 33,51 49,41 48,39 37,78 29,42 39,49 
8 59,97 143,70 41,91 52,26 50,40 40,50 35,30 41,79 
9 62,06 145,00 51,42 55,23 52,75 43,69 42,09 44,55 
10 64,46 146,10 62,12 58,55 55,01 46,77 49,18 47,14 
Table 3. The values of MSE for the test image “ Lena”, for  the uniform distribution noise obtained using filters (13,14,15). 
V F1 F2 F3 F4 F5 F6 F7 F8 
0 51,88 139,20 5,87 40,48 42,02 29,18 10,51 32,13 
1 52,02 139,30 6,45 40,67 42,17 29,37 10,90 32,30 
2 52,35 139,50 8,09 41,22 42,53 29,87 12,04 32,72 
3 53,00 139,80 10,93 42,09 43,20 30,76 13,97 33,49 
4 53,84 140,40 14,81 43,33 44,12 32,01 16,70 34,56 
5 55,03 140,90 19,96 45,03 45,38 33,68 20,25 36,01 
6 56,34 141,90 26,18 46,91 46,81 35,63 24,53 37,68 
7 58,27 142,90 33,72 49,36 48,80 38,15 29,68 39,85 
8 59,99 143,80 41,87 51,97 50,71 40,83 35,58 42,12 
9 61,91 144,90 51,62 55,13 52,74 43,61 41,96 44,50 
10 64,63 146,40 62,50 58,71 55,64 47,38 49,64 47,77 
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Table 4. The values of MSE for the test image “ Lena”, for  the normal distribution noise obtained using filters (13,14,15). 
V F1 F2 F3 F4 F5 F6 F7 F8 
0 51,88 139,20 5,87 40,48 42,02 29,18 10,51 32,13 
1 52,01 139,30 6,44 40,67 42,17 29,38 10,92 32,31 
2 52,39 139,60 8,10 41,22 42,57 29,91 12,07 32,76 
3 53,01 139,80 10,89 42,17 43,22 30,80 14,01 33,51 
4 53,82 140,30 14,91 43,34 44,08 31,95 16,64 34,52 
5 54,97 141,00 19,96 44,94 45,35 33,67 20,26 35,97 
6 56,47 141,50 26,32 47,19 46,97 35,83 24,72 37,85 
7 57,87 142,40 33,41 49,18 48,43 37,83 29,46 39,51 
8 59,85 143,80 41,95 51,78 50,50 40,54 35,27 41,88 
9 62,15 145,30 51,43 55,16 53,04 43,96 42,28 44,84 
10 64,25 146,00 62,07 58,31 55,29 47,07 49,44 47,46 
5. Conclusion 
Analyzing the results, it can be concluded that out of all the filters concerned for the disruption (ı  7), 
the polynomial filters F3 and F4 had the smallest value of the MSE coefficient. Even though a slight 
deterioration of output relative to the filters labeled F7 and F8 can be observed in Laplace distributions 
(table 3), in relation to the others there was a slight improvement. For the increasingly larger values of 
standard deviation (ı > 9) noise accepts an ever-increasing value. This stems from the fact that the 
damping factor of the filter is smaller in comparison with the others. Summing up, these filters can be 
recommended for a small level of interference. However, the F2 filter with 5x5 mask elements gave the 
worst results in all cases. It appears that the further increase of the mask size for the moving average will 
not bring satisfactory results.  
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